Some harder examples of subsidiary angle form in trigonometry

Find the maximum and minimum of 1+sin0
3—cosHO
Solution Let y= 1+5sin 0
3—cos0
3y—ycos®=1+sin6
sin®+ycos 0=3y—1
L y 3y -1
sin© + cosO =
1+y2 1’1_|_}]2 ’1+y2

y

1 .
Let cosa= R sina, =
Vi+y’ JI+y’

(1) becomes, sin@cosa + cosOsina =

3y -1

sin(0 — o) =
J1+y®

Since |sin(6 - ocl <1 , therefore

By-1) <1+y?
9y’ —6y+1<1+y?

8y’ — 6y <0
y(4y—-3)<0

0<y<> or o<itsn® 3
4 3—cosO 4

Min. of 1+sin® =0, Max.of 30056 =

3—cosO

Note 1.  Ifyou are given to prove : 0 <———
3—cos0

Solution

3y -1

w/1+y2

1+sin0>0 and 3-cos0>23-1>0 = 0<

(1
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(© subsidiary angle form in L.H.S.)

1+sin®

3—cosO

Also, 4sin®+3cos0= 5sin(0+0a)<5 ,where o=tan" (Zj .

4+4sin0<9-3cos® =4(1+sinB)<33—cos0)

As 3 —cos0>0, wehave

2.

1+sin® <i
3—cos® 4

This is also a good question of application of differentiation in Calculus. ©

< 1+sin0 Sé
3—cos6 4



2.

Solve :

Solution

8cosx =—

1
+
sinX COSX

Multiply the given equation by sin x cos X, we have:

. 2 .
8sin x cos x=\/§cosx+smx

2sin 2X cos X =—3003x +lsinx
2 2
. ) 1 . 3
sin3x +sin X = —sin X + —Ccos X
2 2
) 3 1 .
Ssin3x = ——cosX ——sinXx
2 2

. . T T .
sin3x = SII’IECOSX - COSESIHX

sin3x = sin(g - xj (© subsidiary angle form in R.H.S.)
T i . .
3x =2nm + (5 - xj or 3x=2nm+m— [g - xj ,where n isan integer.
1 yis T . .
X=—Nn+— or X =NT+— ,where n is an integer.
2 12 3

For the roots above , we check that sin x cos x # 0 and they are roots of the given equation .

Solve :

Solution

sin(mcosx) = cos(rsinx)

sin(mcosx) = cos(rsinx)

sin(mcosx)= sin[g —(msin x)}

T . T . . .
TCOSX = 2n7 + 5—(ns1nx) Oor TCOSX =2nm+T— E—(nsmx) ,where n isan integer.

cosx £sinx =2n +% ,where n is an integer.
Now, since  |cosX £ sin x| =2 cos(x +— j <\2 (© subsidiary angle form)
The only value forn is 0.
The equation becomes : V2 cos(x + %) = % or cos[x * gj = g
xt+—=2kn+cos” 42 (use k here because n is used once)

— ,where k is an integer.

ot



4. (a) Giventhat k isa constant, show that y= sin[% - xj + kcos[g - xj
can be expressed in the form y=rsin(x+a), where r>0.

(b) Whatis the valueof k when o= %n ? Plot its graph for this value of o .

Solution

(a) y= sin[% - xj + kcos[g - xj =COSX + k[cosgcos X + singsin xj

=£ksinx+ 1+E COSX
2 2

—\/§k2+1+k+£ 3k sinx + k+2 COSX
4 4 2WK> +k+1 2k +k+1

=Jk* +k+1sin(x + o) (© subsidiary form)

where r= Jk?+k+1 and tanocz% )

2 2 k+2
(b) When o==m, tan =7 = -3 = —+
3 3 3k
1
-3k=k+2, s k=—=
2
2
Then y = 1 + 1 +1sin x+zn =£sin x+zn
2 2 3 2 3
Graph : A
2
i\
—An - T T (6] b ;TE - / ?
3 3 3 3
v v
-1
-2
Exercise
1.  Find the relative maximum and relative minimum of 2cos0+1
2cos0—1

. . 1 . -
(Answer : relative maximum = 3 relative minimum = 3 )

2.  Sketch the graph: y= sinx+ JV3cosx .



